The attoclock technique which maps the emission time of a photoelectron to its detection angle is an important tool in strong-field physics. Previously, it was implemented only with circularly or elliptically polarized laser fields. Here, we show how counter-rotating bicircular laser fields can be used as an attoclock to investigate the ionization dynamics in quasilinear polarization. This is achieved by choosing the ratio of the two field strengths in a way such that the vector potential has aspects of the attoclock and time is mapped directly to the photoelectron momentum, but the shape of the electric field corresponds to approximately linear polarization during three intervals per optical cycle. We report momentum distributions calculated by solving the time-dependent Schrödinger equation for a model helium atom and obtain the mapping from photoelectron momentum to ionization time using a trajectory-free method. Unlike circular polarization where the time of maximal ionization rate typically deviates less than 5 attoseconds from the maximium of the electric field, we find positive ionization times of more than 10 attoseconds in the quasilinear case. DOI: 10.1103/PhysRevA.99.031402 Attosecond angular streaking, or the "attoclock," allows us to probe the ionization process in strong laser fields with attosecond precision. It exploits the fact that in strong-field above-threshold ionization (ATI) of atoms with circularly polarized laser fields, the ionization time of the photoelectron is mapped to its detection angle. First implemented by Eckle et al. [1], it was subsequently used to probe ionization time delays, Coulomb effects, spatial properties of the tunnel barrier, and multielectron effects [2] [3] [4] [5] [6] [7] [8] [9] [10] . Detailed knowledge about the ionization step is important as it is the first part of the three-step process that leads to high-harmonic generation (HHG) and laser-induced electron diffraction or rescattering [11] [12] [13] [14] [15] [16] [17] , and to set the initial conditions for trajectory-based models of strong-field ionization [18] [19] [20] .
Attosecond angular streaking, or the "attoclock," allows us to probe the ionization process in strong laser fields with attosecond precision. It exploits the fact that in strong-field above-threshold ionization (ATI) of atoms with circularly polarized laser fields, the ionization time of the photoelectron is mapped to its detection angle. First implemented by Eckle et al. [1] , it was subsequently used to probe ionization time delays, Coulomb effects, spatial properties of the tunnel barrier, and multielectron effects [2] [3] [4] [5] [6] [7] [8] [9] [10] . Detailed knowledge about the ionization step is important as it is the first part of the three-step process that leads to high-harmonic generation (HHG) and laser-induced electron diffraction or rescattering [11] [12] [13] [14] [15] [16] [17] , and to set the initial conditions for trajectory-based models of strong-field ionization [18] [19] [20] .
In the adiabatic tunneling regime, characterized by a small Keldysh parameter γ = 2I p ω/E 1, where I p is the ionization potential of the atom, ω is the frequency of the laser field and E its amplitude, the ionization step does not depend on the shape of the field [21, 22] . In this case, the use of circularly polarized laser fields in the attoclock is not a limitation. This is different in the frequently visited regime of nonadiabatic tunnel ionization (γ 1). For example, the strong-field approximation (SFA) in saddle-point approximation [23, 24] predicts for linear polarization a symmetric distribution of initial velocities of the photoelectron perpendicular to the direction of the instantaneous electric field and nonvanishing parallel velocities [18] , but for circular polarization an asymmetric distribution of initial perpendicular velocities and vanishing parallel velocities [25] . These nonadiabatic effects are observable in the photoelectron momentum distribution (PMD) as an enhancement toward the classical cutoff in linear polarization [26] or a disagreement of the measured photoelectron energy with the ponderomotive energy in circular polarization, as well as an asymmetry of ionization rates * nicolas.eicke@itp.uni-hannover.de between co-and counter-rotating atomic p orbitals [25, 27] . These considerations lead to the question how the attosecond temporal structure in linear polarization can be retrieved by an experimentally feasible scheme. Although the SFA provides a simple time-to-momentum mapping also for linear polarization, the concept of the attoclock cannot be transferred directly (e.g., to answer the question whether the time of peak field stength corresponds to the maximum of the instantaneous ionization rate). The part of the PMD that corresponds to ionization at the peak of the pulse is centered around zero momentum and thus dominated by Coulomb effects [28] [29] [30] [31] . Also, the occurrence of intracycle interference spoils the signal from a single ionization time [32, 33] . Although other methods have been developed that can relate features of the PMD (or harmonic spectrum) in linear polarization to the time of ionization, such as parallel [34] [35] [36] and orthogonal [37] [38] [39] [40] two-color schemes, ionization times around the peak or ascending part of the field have stayed inaccessible so far. Furthermore, the direct-ionization spectrum around the classical cutoff is not easily accessible as it overlaps with the onset of the rescattering plateau [41] .
There is thus a true need to devise an approach for cleaner investigation of the time structure of ionization in linear polarization. In this work we demonstrate that the ionization step in (almost) linear polarization can be probed using an attoclocklike setup involving bicircular fields [42] , which have already been used successfully to investigate various aspects of strong-field ionization [43] [44] [45] [46] [47] [48] [49] . The term bicircular field refers to the superposition of two circularly polarized fields with different wavelength. Specifically, we use counterrotating ω−2ω fields. In this "bicircular attoclock," time is not mapped to angle, as is the case for the circular attoclock, but to a shift in the momentum distribution in the direction perpendicular to the momentum where the distribution peaks. In this way we also avoid ambiguities due to geometrical effects that impede a clear definition of the relevant offset angle in the conventional attoclock [50, 51] . As it turns out, the bicircular attoclock comes with another great benefit as the overall shape of the PMD provides directly the relative phase of the ω−2ω field.
We solve the two-dimensional time-dependent Schrödinger equation (TDSE)
for the soft-core potential
where α ≈ 0.0684 is chosen to reproduce the ionization potential I p = 0.904 a.u. of the helium atom (atomic units are used unless stated otherwise). We solve the TDSE using the split-operator method with time step 0.004 a.u. on a Cartesian grid with 2048 points in each dimension and a box size of 300 × 300 a.u. To obtain the momentum distribution, outgoing parts of the wave function are projected onto Volkov states via an absorber that starts at a distance of 100 a.u. from the center [52] . The vector potential
describes a counter-rotating bicircular field with field-strength ratio 2:1 of fundamental to second harmonic and timeaveraged intensity c 0 E 2 0 . The ratio is chosen in a way that the field approximates a linearly polarized field near its peak three times per optical cycle of the fundamental ω field. In particular, close to t = 0 we can expand
which corresponds to linear polarization along the y axis with peak field strength E peak = 3E 0 / √ 5 and effective frequency ω eff = √ 2 ω. We choose ω eff = 0.056 95 a.u. such that the bicircular field approximates linear polarization at 800 nm. Therefore, the actual wavelength of the fundamental field is approximately 1131 nm. While the counter-rotating bicircular field can be used to mimic linear polarization, a corotating bicircular field is not considered because it resembles elliptical polarization in the vicinity of the maximum, similar to the conventional attoclock. In the TDSE calculations we modify the vector potential (3) with an envelope f (t ) = cos 4 (ωt/6) (three-cycle pulse) to avoid the appearance of ATI rings in the PMD.
The vector potential and the electric field E(t ) = −∂ t A(t ), together with an example momentum distribution calculated in SFA are depicted in Fig. 1(a) . The momentum distribution exhibits three distinct maxima corresponding to the three regions of almost linear polarization. The SFA provides a natural time-to-momentum mapping t s → p via the saddlepoint equation
Usually, this is solved for the complex ionization time t s , given the momentum p (see [43, 44] for an extensive analysis of PMDs of atoms in bicircular fields in the framework of the SFA). For the present purpose it is convenient to use the inverse mapping
where
This maps a line of fixed real part of the ionization time and variable imaginary part directly to the "hand of the clock." A few of these lines are shown in Fig. 1(a) . In contrast to the conventional attoclock where time is mapped to angle, we see that in the vicinity of t = 0 [indicated by the red dot in Fig. 1(a) ], time is mapped to the p y component of the photoelectron momentum. Because of the forward-backward symmetry of the vector potential, the speed of the clock must be an even function of time and thus it is constant to first order at the peak of the field. Using that the p x value of the maximum closely follows the classical value −A(t ) at peak field strength [see the dashed line in Fig. 1(a) ],
one obtains for the relative shift in the p y direction approximately (see Appendix A)
Here, γ eff is the effective Keldysh parameter at peak field strength. This is different from the circular attoclock where the speed of the clock is given simply by the angular frequency ω. The factor of 2 can be understood as a combination of two effects: (i) the 2ω component makes the clock go faster;
(ii) the maximum of the PMD is found at smaller momenta because the two components of the vector potential point in opposite directions at peak field strength [see Eq. (7)]. The factor involving the Keldysh parameter is due to nonvanishing parallel exit velocities that arise in nonadiabatic tunnel ionization in SFA in linear, but not in circular polarization.
Figures 1(b) and 1(c) show the momentum distribution obtained from the solution of the TDSE for a short pulse. There, a shift of both the maximum and the bulk of the PMD toward higher momenta in the p y direction is observed. The difference between SFA and TDSE distributions is really a shift, not a rotation as would be the case in the conventional attoclock. To make this statement quantitative, we calculate the slope of a linear regression p x = ap y + b through the relevant branch of the PMD. We find a = 0.0183 (corresponds to 1.05
• ), while the relative shift of the distribution is p max y /p max x = 0.155. Hence, the shift is by far the dominant effect and the PMD is almost not rotated at all. In an experiment, this could allow for a simple calibration of the relative phase between the two fields, while the good agreement of the p x position of the maximum with the classical value (7) provides simple means for intensity calibration.
A common question related to the attoclock is whether the momentum shift is purely due to the effect that the atomic potential has on the outgoing electron after ionization, or whether a delay in ionization time has to be taken into account. More precisely, we want to answer the question whether the instantaneous ionization rate peaks at the same time as the electric field does. For this purpose we have to relate the ionization time to the observed photoelectron momentum, but also the observed signal at that momentum to the instantaneous ionization rate. The momentum distribution and ionization rate are generally not simply proportional to each other. In a classical picture involving trajectories starting at time t with initial transverse momentum v ⊥ , the momentum distribution can be written as where W gives the instantaneous ionization probability per time per initial velocity and the deflection function D maps the initial conditions to the final momentum [53] . Resolving the δ function gives
Therefore, the maximum of the momentum distribution does not necessarily coincide with the maximum of the instantaneous ionization rate. The Jacobian has to be taken into account also. In the circular attoclock and neglecting the atomic potential, |D (t, v ⊥ )| = ωp. Previously it was found that including such geometrical factors can modify the measured angles significantly [50, 51] . In the bicircular attoclock, however, the Jacobian of the deflection function is a constant to first order in the vicinity of the maximum and thus cannot influence the position of the maximum. This is because the second derivative of the vector potential vanishes at peak field strength when the ratio is chosen exactly 2:1 as is the case here (see Appendix B). The shifts of the maxima are investigated systematically for various field strengths. The results are shown in Fig. 2(a) (blue curve). Figure 2(b) shows the corresponding results for the circular attoclock (using a two-cycle cos 4 envelope but otherwise the same parameters as in the bicircular case). There it is obvious that the angle at which the maximum is found depends on whether the geometrical factor is taken into account or not. This can be understood using a quadratic approximation of the PMD in the vicinity of its maximum which is characterized by two principal axes. A true rotation of the PMD would correspond to an external rotation of the peak position about the origin by a certain angle and an internal rotation of the principal axes by that same angle. In the circular attoclock we find that the two angles are not equal. The distribution is over-rotated. This is shown in the inset of Fig. 2(b) . Multiplying the distribution with a radial factor then changes the angle at which the maximum is found. In the following we use the cylindrical factor according to the classical argument above but it should be noted that these strong variations raise questions toward the accuracy of the conventional attoclock. In contrast, for the bicircular attoclock this problem does not occur.
To relate the shifts to a possible delay in ionization time we employ a trajectory-free method we have developed recently [50] . There, the momentum distribution is expressed through the Dyson integral
U 0 denotes the field-free time-evolution operator, U the full time-evolution operator, and ψ (−) p the incoming scattering state of momentum p. In a fashion similar to the SFA, the ionization times and corresponding momenta are obtained as stationary points of the integrand via numerical solution of
in the complex plane. The difference to the SFA consists in taking the stationary points of the entire integrand (not just the action), as well as fully accounting for the atomic potential. The integrand is evaluated for all p at once using numerical wave-function propagation in complex time as described in [50] . For a given time t, the logarithmic derivative is then evaluated using three TDSE calculations and the second-order central-difference formula. Inserting a fixed momentum p, we obtain a function of one complex variable t for which roots can be found using Newton's method for a single variable. Here, convergence on an accuracy level comparable to the time step used in the TDSE calculations (approximately 0.1 attoseconds) can usually be achieved within three steps by reusing already obtained solutions for neighboring momenta. By varying the momentum in the p y direction we can find the relative shift that corresponds to the peak of the pulse, i.e., Re(t s ) = 0, and also calculate a slice through the momentum distribution in saddle-point approximation. The latter is shown in Fig. 1(c of the PMD gives the most probable ionization time directly. This is shown in Fig. 3 and corresponds approximately to the difference between the shifts of the maxima and the shifts of time zero from Fig. 2 (gray area) on the SFA timescale. The bicircular attoclock shows an ionization time delay reaching more than 10 attoseconds that is not present in the circular case. Inspection of the saddle-point evaluation of the Dyson integral for the bicircular field shows that the prefactor ∝ 1/ √ S with S = i ln D causes such a shift, whereas no shift occurs when the prefactor is neglected. This prefactor can be interpreted as a measure of the time range contributing to the signal at a given momentum. The time range appears to be larger on the descending slope of the time-dependent field strength. Deeper investigation of this phenomenon deserves future work.
To make a further comparison, the bicircular attoclock also allows us to apply classical backpropagation [8] [9] [10] to quasilinear polarization. In previous works, it has only been implemented for circular polarization. In truly linear polarization, classical backpropagation faces problems because electrons can come close to the parent ion where the correspondence between the quantum wave packet and the phase-space distribution of classical trajectories is lost. Additionally, interference in the electron wave packet makes the definition of a local velocity problematic. In the bicircular attoclock this is not the case. We backpropagate the interference-free ionized wave packet until the velocity of the Newtonian trajectory in the direction of the instantaneous electric field vanishes [54] . This gives a distribution of ionization times according to which classical trajectories would have to be launched to reproduce the quantum-mechanical momentum distribution. The maxima of these distributions for the circular and bicircular case are shown in Fig. 3 . Unlike the saddle-point prescription of ionization time (13) , the classical prescription actually produces dominant ionization times before the time of peak field strength. This was also the case in [6, 8, 55] . For small intensities, all curves consistently point to zero ionization time delay within a few attoseconds. We believe that the result of very small or negative times is a common feature of methods involving Newtonian trajectories that tunnel out from the atom with zero initial parallel velocity. There is another class of methods yielding instead large positive times: the Wigner time in Camus et al. [6] , the ionization time of Bohmian trajectories [56, 57] and the time delay of Teeny et al. [58] , which can be understood as indicating the time when the flow of probability density at the tunnel exit is maximized. As argued by Ni et al. [9] , large positive times are a common feature of methods where the time definition is related to the tunnel exit position rather than zero starting velocity. For most of the cases we have studied, our fully quantummechanical saddle-point times are closer to zero than the results from any of the above-mentioned methods (excluding here the analytical R-matrix theory by Torlina et al. [5] , where the p 2 prescription was used to determine the maximum of the momentum distribution). This may be interpreted such that a treatment as accurate as possible yields the smallest deviations from the peak of the field, which appears physically reasonable to the authors. A completely different approach that uses functional derivatives of the ionization yield with respect to the field shape also supports vanishing ionization time delay by a symmetry argument [59] .
To conclude, we have demonstrated that the ionization step in quasilinear polarization can be probed in a rescattering-free and interference-free setup using attoclock techniques and we have provided the main equations required to calibrate the clock. Our scheme provides highly accurate information on the ionization dynamics around the peak of the laser field unlike approaches involving truly linearly polarized fields. Investigating the shifts in the PMD with regard to the time of ionization, we found a small delay with respect to the time of peak field strength that is not present in circular polarization. The presented results were obtained for 1131 nm wavelength of the fundamental field, but similar results, including a small positive delay, are found at 800 nm, which is widely used in two-color experiments.
In the future, the bicircular attoclock could be used to study orientation-dependent ionization times in molecules as the electric field has a well-defined direction in the vicinity of peak field strength. Additionally, existing parallel or orthogonal two-color schemes could be combined with the bicircular attoclock to achieve interference-free and rescatteringfree measurements of momentum-resolved ionization times in quasilinear polarization.
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Finally, the absolute value of the momentum is
APPENDIX B: JACOBIAN FACTORS
Disregarding the atomic potential, the classical deflection function can be written explicitly as
The second derivatives at v ⊥ = 0 are
In the bicircular attoclock A (0) = 0, so all second derivatives vanish and the Jacobian, which consists of first derivatives, is constant to first order in t and v ⊥ in the vicinity of t, v ⊥ = 0. 
